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THROUGH CONVERGING AND DIVERGING SLOTS
by Thaine W. Reynolds and Edward A. Richley

Lewis Research Center

SUMMARY
20996
Equations for the determination of particle flux at a location downstream
of the exit of convergent and divergent two-dimensional slots for gas flow
through the slot under free-molecule conditions have been derived and solved
numerically. Slot configurations range from length to inlet width ratios of
0.25 to 8 and wall half-angles from 75° divergent to 60° convergent.

Flux distribution patterns along surfaces of constant radius from the slot
exit centerplane and in planes normal to the slot centerpldne are presented for
varying distances from the slot exit. Flux along the centerplane close to the
slot exit is higher for the smaller length-to-width-ratio slots and becomes
less a function of the length to inlet width ratio as the distance from the
slot exit increases. As the length to inlet width ratio of the slot in-
creases, the angle giving maximum flux along the centerplane approaches zero
(i.e., a parallel-walled slot). A maximum value of flux along the centerplane
is obtalned in the far field with divergent slots.

Larger length-to-inlet-width-ratio slots give a more collimated beam
than do small length to inlet width ratios, and a divergent slot yields a more
collimated beam than a convergent slot having the same length to inlet width
ratio. The normalized flux patterns for the convergent and divergent slots in
the far field follow the cosine distribution law out to angles from the center-
plane equal in magnitude to the wall half-angle; beyond this angle the normal-~
ized flux falls below the cosine distribution law. ‘119;23

INTRODUCTION

The gas flow patterns that are obtained from the exit of nozzles or ori-
fices under free-molecule-flow conditions are frequently required in the design
of electrostatic thrustors (refs. 1 to 5). Such patterns may also have appli-
cability to a wide range of flow problems in vacuum and space technology.
Analytical or experimental determinations of gas profiles under free-molecule-
flow conditions have been very limited. Clausing (ref. 6) calculated the far-
field flux patterns for flow through short cylindrical tubes (length to radius
ratios less than 2). More recently, in reference 7, his analysis has been




extended to include larger length to radius ratios. An experimental determina-
tion of far-field gas profiles from cylindrical tubes is given in reference 8.

The present report deals with flux distribution patterns resulting from
gas flow under free-molecule conditions with diffuse wall reflection through
divergent, convergent, and parallel-walled slots, which are two-dimensional
(i.e., infinite in extent in a direction normal to the flow direction). The
slot configurations, shown schematically in figure 1(a), vary in length to in-
let width ratio from 0.25 to 8, and have wall half-angles from 75° divergent
to 60° convergent. Two types of flux patterns are presented as shown in fig-
ure 1(b). In one, the angular distribution of flux is calculated for various
radial distances with the origin taken to be on the centerplane at the exit
plane of the slot. In the other, the lateral flux variation normal to the
centerplane is determined for planes located at various distances from the slot
exit plane. Both distributions are needed because the flux through two dif-
ferential areas located at the same point, but at some angle to each other,
cannot be simply related except at distances far from the slot exit. In each
case the flux patterns were evaluated close to the slot exit and for contin-
ually increasing distances until the far field is reached. The far field is
defined herein to mean that region (or, distance) where the normalized flux
patterns become independent of the distance from the slot exit.

The relations for free-molecule flow presented herein are also applicable
to certain radiation problems with diffuse reflection, since the flux of emit-
ted radiation then follows the cosine distribution law and the geometric rela-
tions become identical to those for molecular flow.

CALCULATTON PROCEDURE

The flux distribution downstream from the exit of the slots is calculated
under the assumptions that gas flow into the slot is uniform and has a random
directional distribution, that free-molecule-flow conditions exist throughout,
and that particle reflections from the wall are diffuse. The relation from
which the flux distributions are calculated is readily derived from the well-
known cosine distribution law of emission from a line-element source (ref. 9).
The relation is

n_ cos eab cos Gb

a a

dmy, = dy, (1)

2lgy

(A1l symbols are defined in appendix A.)
The geometric parameters given in equa-
tion (1) are shown in sketch (a) where

dry, flux (particles per unit area per
Normat t lement. dA unit time) arriving at differential
jormat to area efement, ;
Y ~Normal to line element source b area dfy from the line-element
a

source of width source dy.
dy, and infinite a

extent @ n flux leaving strip, d-ya




Flux Distribution on Surfaces of Constant Radius About Centerline of Exit Plane

Mathematical description of the flux along various radii R beyond the
slot exit depends on the regions as noted in sketch (b) and figure 1(c). The
regions are symmetrical about the

Region Region slot centerplane.
111 ~—III
T 1 7 In region I, flux is due to
b /\u contributions from allIof the in%.;t
and from both walls. n region y
_——Tw;_8 Al Il r\ R%;%Iv flux is from only one wall and from
Wl]: —<- ¢ w T only part of the inlet. In region
\__l { ] / W ITI, there is no direct flux from
L — - the inlet, only flux from all or part
X5 Xs of the one wall. In region IV,
Divergent slot Convergent slot there is direct flux from part of the
(b} inlet opening and no flux from either

wall. Region IV occurs only for the
convergent slots in planes that are beyond the point of intersection of the
extension of the planes of the walls. The flux equations that apply for the
various regions are presented next; derivations of these equations are given
in appendix B.

Region I. - Region I is bounded by the relation

- W, _
O§y55—§-+(x5-L)tanB (2)
The flux at point 5 in the radial direction ¢ 1is given by
ns(@) 1 [ [Gs - DA - 7e) + dugys]  [Gs - DI+ ) - FEeyg
n 2R =2 ~ \2 2 = \2
1 ‘/4}(5 + (1 - 2y5) ‘/4}{5 + (1 + 2y5)

T

n(§3) (1+ 2§5+ 2325 tan B)[(l+ 2§5+ 2§3 tan B) sin @+ 2(§5— 323) cos cp]

n - - —_ — 3/2
o 1 [4(x5 - XS)Z + (1 + 2yg + 2x3 tan B)z] /

(1- 2yg+ 2xg tan B)[(l- 2y5+ 2xz tan B) sin g+ 2(Xg5- Xz) cos qg _

+ dx (3)
[4(%5 - §3)2 + (1 - 2y + 2%, tan 5)2]3/2 S

The first term in equation (3) is the direct flux from the inlet; the integral
is the flux from the two walls.

Region IT. - Region II is bounded by the relation

WL _ _ _ WL ;5—f WL+1
—2-+(x5—L)tanB_<_y5_<_—é—+ 5 ( pmy (4)

L




The flux relation is

ng(9) _ J&S DG - To) Ry | (g - D)L+ 2g) - S| n(%,)

01 2R > =, — .2 -2 _ 2 0y
[ ‘/XS + (yl - y5) ‘/;x5 + (1 + 2y5) 0

(1L+ 2ys+ 2x5 tan B)[(l+ 2ys+ 2%z tan ) sin ¢+ 2(%s5- x3) cos cp]

— — o — — e d§3 (5)
E4:(X5 - Xs) + (l + 2y5 + 2X5 tan 8)2]
where
yl = = — =
ZX5 - L
Region III. - Region IIT is bounded by the relation
— - _L ;§'5 - E WL + 1

R Z y5 Z o + 2 T (6)

In region IIT there is no contribution from the inlet. The flux at point 5 is
entirely from one wall and is given by the relation

L
n5(¢) _ n(§3)
nl - nl
3
(1+ 2y_+ 2%. tan B)[(l+ 2y.+ 2%, tan ) sin o+ 2(%. - X,) cos cp]
5 S 5 3 5 3 —
X dx, (7)
_ - _ 3/2
[4(x - x )2 + (1 + 2y + 2x, tan 3)2]
5] 3 5 3
where the limit §% is given by the relation
- 1 - T | (8)
x' = — — : L - —
5 X5 - L - wL/z)
1+ — tan B
ve - (W /2)




Region IV. - Region IV occurs only for the convergent slots when

- 1
X D> ———— 9
57 2|tan B] (9)
For this condition, the bounds of region IV are given by the relation
Wi sec @
0 < tan @ < |tan - — 10
< <] Bl = (10)
The flux at point 5 is then given by
ng(e) W 1 1
A= —— —+ —— . (11)
4R ‘/l+ [(WL/ZR) sec @ - tan cp]z Vl+ [(WL/‘ZR) sec @ +tan cp]z
Flux Distributions in Planes Beyond Exit
Flux variations in planes beyond the exit are also divided into four
regions as noted in sketch (e¢) and figure 1(d).
. Region In region I, flux is due to
Region 1 contributions from all of the inlet
m and from both walls. In region II,
- flux 1is from all of one wall and from
- 11 part of the inlet. In region ITI,
— ; there is no direct flux from the in-
W1[2u~¢£ By let, and only flux from all or part
& of the one wall is "seen" by the
I point 5. In region IV, there is di-
Xg~——rd 5 rect flux from part of the inlet
Divergent siot Convergent slot only; there is no direct flux from
(c) either wall. Region IV occurs only

for the convergent cases in planes
that are beyond the point of intersection of the extension of the planes of the
walls. The flux equations that apply for the various regions are given next;
derivations are given in appendix B.

Region I. - The boundary of region I is determined by the relation

+ (x5 - L) tan B (12)

The flux at point 5 is given by the following expression:



n5(-3_r5) _ 1 1 - 2}5 + 1+ 2}5
n. 2| [= — 2 = — 2
1 '/4x§ + (1 - 2yg) ‘/41:% + (1 + 2yg)
L
n(xz) _  _ 1+ Zyg + 2x; tan B
+ 2 - (x5 - x5) - o3/
0 L EL(§5 - §3) + (1 + 2yg5 + 2xz tan B) ]

1 - 2ye + 2xc tan
. . NS 5 B e &, (13)
[4(x5 - Xz) + (1 - 2yg + 2xz tan 5)2]

The first term of equation (13) represents flux direct from the opening; the
integral represents flux from the walls.

Region II. - Region IT is bounded by the relation

W Wy Xe - LfWr +1
L = = - L 5 L

The flux at point 5 is given by the relation
<é5) =1 ii - ¥s5 + 1+ 2ys

nl 2 P Z
__2 — — _2 —_
tn | A (yl ) y5) V/‘*Xs + (1 + 25g)

n(xz) _  _ 1+ 2y= + 2x- tan B _
1 E;(§5 - xz)” + (1 + 2yg + 2xz tan B)ZJ

Region III. - Region III is determined by the relation

W, Ee - L (W +1
- L 5 L
Vs 2 F +—3 ( ) (16)

L

The flux at point 5 is given by




1+ 2ys + 2% tan B

ax 17
_ _ 2 _ o3/2[ 3 (17)
[¢(x5-%5) "+ (1 +2§+ %5 tan p) ]
where the limit x| is given by
- 1 = 5L W1
X - - (W. /2
1+ tan B V5 1/
ys - (W /2)

Since there is no direct flux contribution from the inlet, equation (17) rep-
resents only flux from the one wall.

Region IV. - Region IV occurs for the convergent case when the location of

the plane §5 is beyond the point of intersection of the extension of the side
walls; that is, for

1
x5 2 than BI (19)

where |tan p| is the absolute value of the tangent of B, the half-angle of
convergence. In plame Xxg then, the limit for region IV is

0 < ?é < Esltan Bl - % (20)

The flux at point 5 in region IV is given by

ns(ys) 1 Wy, - 2yg . Wy, + 2y

Ly eGs- 0B (- 557 Y Fs - D (W4 2)°

(21)

n

The foregoing series of equations for the radial and plane flux values were
programed for solution on an IBM 7094 computer. Values of the wall flux
n(is)/nl required for the numerical integrations were obtained from refer-

ence 10.

Relation Between Radial and Plane Flux

Since the total particle flux through a small area is the summation of
contributions from the various inlet and wall areas, 1t can be seen from




sketeh (d) that, near the slot exit (i.e., in the near field), there is no
simple relation between the total flux
through two differential areas located at

3 Far-field point~_~dy  the game point (x5, y5) but at some angle

Near-field point~

to each other. For instance, particle tra-
jectories labeled 1 and 2 in sketch (d)
pass through the differential area dy but
not through the differential area R dO.
On the other hand, particle trajectory 3

(d passes through area R dP bdbut not through

dy. Thus, the near-field flux through

R d® and dy are not simply related. Far from the slot exit (i.e., in the
far field), however, particle trajectories that pass through area R dP also
pass through dy. Since the area dy i1s related to the area R d9 by

R dp = dy cos @ (22)

the radial flux in the far field is simply related to the plane flux at the
same point. The relation is

n(y) = n(®) cos o (23)

Another far-field relation may be developed from the geometric quantities
shown in sketech (e). From the sketch it can be seen that Rl/R2 = cos ? and
dy cos ® = R, d9, so that Ry 49 = cosz@ dy. Thus, the
%;;;;?\fw flux through a point on the plane x - L 1s related to
Ti{~%d¢ the radial flux at the same angle, for Ry = x - L, by
15 the equation

R (oG8 s, = [n(‘p)]fo-L cos™ (24)

Centerplane Flux Parameter

A parameter that is useful in indicating the approach of the centerplane
flux (i.e., at ¢ = y5 = O) to its far-field value is the product R n5(O)/n1].
X
S

The asymptotic value of nS(O)/nl, obtained from equation (3), or (13), as
becomes large is (for region I)

ns(0) n(%s)

=L 1+ 2L tan B
nq =

2R

(25)

o

§5>>i

where n(§3)/nl is the average wall flux; that is,




n(ES) -

n(x3)
*50 = dxs (26)

oy

1
L
0

For divergent or parallel-walled slots, equation (25) becomes

n=(0) — n(x
5(0) = .%':1 + 2L tan B (x3) (27)
n —_ —_— n
1 5>t 1

For the convergent slot, where the centerplane in the far field is located
in region IV, the asymptotic value of ng(0)/n; becomes (refer to eq. (11) or

(21))

n5(0) _1'L (28)
nl — —_ 2 i
X5>>L
or
_[n-(0) W
|- ] T (29)
nl — — 2
xz>>L

RESULTS AND DISCUSSION

The calculated angular distributions of particle flux at various radial
distances from the slot exit are presented in table I. Values of flux on the
centerplane (¢ = 0) are given in terms of the ratio to the inlet flux
[n(o)/ni], while values at angles @ other than zero are normalized to the
value on the centerplane at the same radius n(®)/n(0).

The calculated distributions of particle flux at various distances from
the centerplane, in planes located at several distances downstream from the
slot exit, are presented in table II. As in table I, values of flux on the
centerplane (y = 0) are given in terms of inlet flux n(0)/nj, while values at
distances y other than zero, are normalized to the value on the centerplane
in the same plane n(y)/n(0). It will be noted that the y-coordinate listing
in the table is given as the ratio y/(x - L). This parameter was chosen be-
cause a particular value of y/(x - L) corresponds to the same angle from the
X centerplane regardless of the location of the plane
Xb 1 downstream from the slot exit (see sketch (f)). In
a = y, the far field, the normalized flux n(y)/n(0) at a
A I rarticular value of y/(x - L) is independent of
I downstream distance.

Jill




Flux Distribution Along Centerplane

Values of the flux along the centerplane n(O)/nl obtained from either
table I or II are shown for the various configurations in figures 2 to 4. 1In
figure 2, values are shown for parallel-walled slots (B = 0) of various length
to inlet width ratios, L/Wl. Near the exit, the flux is highest for the lower

values of L/Wl. As the distance from the slot exit increases, the flux be-
comes less dependent on L/Wl and approaches the theoretical value

[E%Ql = %ﬁ obtained for a slit source at large distances from the source.
1

The variation of flux with distance from the slot exit for L/Wi =4 1is

shown for various wall half-angles in figure 3. Close to the slot exit the
flux is higher for the less divergent wall half-angles, B. Also, it is appar-
ent that the flux from various slots does not approach the same limit in the
far field. The lower line of figure 3 shows the direct flux contribution from
the slot inlet, that is, the flux that has arrived at the centerplane without
having had a collision with the slot wall. The 75° divergent slot has cen-
terplane flux values nearly equal to those obtainable from the inlet directly,
indicating that the contribution from the walls is very small for wall half-
angles of this magnitude or greater. It is also apparent from figure 3 that at
any particular distance from the exit of a slot there is a particular wall
half-angle that will give a maximum value of the flux n(O)/nl. This feature
is shown more clearly in figure 4, wherein centerplane flux is plotted as a
function of wall half-angle for various distances from the slot exit for all
the length to width ratios examined. The wall half-angle that yields the max-
imum flux increases (i.e., is more divergent) as the distance from the slot
exit increases; however, the maximum is not very pronounced at large wall half-
angles.

Shown in figure 5 are some typical variations of the product R n(O)/ni]
with distance downstream. The value of R[}(O)/ni] approaches its far-field

limit more rapidly for smaller values of L/Wl (fig. S(a)) and for the less
divergent slots (fig. 5(b)).

The far-field limiting values of the flux parameter §E1(O)/n]] may be

calculated from equations (27) and (29). Values of the average wall flux
n(x5)/nl, required in equation (27), were calculated from the wall flux dis-
tributions in reference 10 and are shown in figure 6.

The resulting far-field limiting values of _ﬁ[n(o)/nl] are shown in fig-

ure 7 as functions of L/Wl and p. The maximum value at any particular ra-
dius R 1is obtained with divergent slots.

Far-Field Flux Distributions
Some typical variations in the far-field flux patterns of the different
slot configurations are shown in figures 8 to 10. In figure 8, results are

shown for parallel-walled slots of various length to width ratios. A Dbeam-

10




collimation effect resulting from increasing L/Wl is apparent.

The far-field radial flux patterns for 20° divergent and 20° convergent
slots are shown in figures 9(a) and (b), respectively, for various length to
width ratios. The discontinuities in slope of these curves occur at the bound-
aries at the three different flux regions. The normalized flux follows the
cosine distribution law out to the angle ¢ = ]B]. Beyond this angle, the flux
drops below the cosine pattern. Again, the longer the slot, the more colli-
mated is the resulting beam. The divergent slot results in a more collimated
beam than the convergent slot.

The far-field flux patterns for a particular length to width ratio
(L/Wl = 1), and various angles of divergence and convergence are shown in fig-
ures 10(a) and (b). Again, the flux pattern follows the cosine distribution
law out to the angle ¢ = !BI and drops below the cosine pattern more rapidly
for the divergent than for the convergent configurations.

The representative plots thus far presented have been radial flux pat-
terns. As shown in equation (23), the radial and plane flux values at a point
are simply related to each other in the far field. Similarly, values of n(y)
and n(p) for x - L = R are simply related as shown by equation (24). Com-
pared in figure 11 are far-field values of the flux n(p)/n(0) obtained by
direct calculation (table I) and as determined from equation (24). The excel-
lent agreement shows that the tabulated values were made out to large enough
distances to be in the far field at all angles from the slot centerplane.

Near-Field Flux Distributions

Some illustrative flux distribution patterns in the near field are shown
in figures 12 to 14. Radial flux patterns for the parallel-walled slot of
length to inlet width ratio of 8 are shown in figure 12. An abrupt change in
the slope of the flux curve is apparent at the boundary between regions I
and II. The small maximum in radial flux curve at @ > 0 for a small R was
unexpected, but its existence is verified by differentiation of equation (3)
for the case of 8 = 0. This yields the relation

;_ns(@)- L

I'll n(;(_s) 2

w | | LEE-EP e )
| (=0

37z X3

which shows that the slope is small but positive at ¢ = O and approaches zero
as the radius increases. The flux in planes at varying distance from the slot
exit for this same configuration are shown in figure 12(b). This figure shows
clearly the large variation in flux distribution as distance downstream from
the exit is varied.

Near-field flux patterns for a convergent slot of L/Wl =1 and B = -20°

11




are shown in figures 14(a) and (b). The behavior of the patterns for this con-
vergent case differs from that for the divergent slot shown in figure 13.
Within the angle ¢ < |B|, the normalized flux (fig. 14(a)) drops below its
final far-field value and then rises, while for the divergent slot (fig. 13(a))
the relative flux continuously approaches the far-field value. Comparison of
figures 13(b) and 14(b) also shows that, for a range of y/(x - L) values, the
flux distributions are much more widely spread for the divergent slot than for
the convergent slot.

Other Considerations

The directivity of the molecular beams emerging from slots of different
L/Wl ratios is illustrated in figure 15 which shows the far-field flux pat-
terns for divergent slots with B = 20° and varying L/Wl values. The curves
are different from those of figure 9(a) in that the flux from the zero-length
slot is used as the reference for all the relative flux values, so that a true
comparison of the relative flux 1s obtained when the inlet flux density 1s the
same.

A similar comparison for slots of L/Wl = 4 and varying wall half-angles
is shown in figure 16. The highest flux in the central portlon of the beam 1s
obtained with a wall half-angle of about 20°. However, the 10° and 30° wall
half-angles are only slightly below this maximum flux level. The trend for
other L/Wl slots would be similar, with the maximum flux occurring at

slightly different wall half-angles as Illlustrated in figure 7.

CONCLUDING REMARKS

Equations for the determination of particle flux at a location downstream
from the exit of convergent and divergent two-dimensional slots under free-
molecule conditions have been derived and solved numerically. Slot configura-
tions 1nclude length to %nlet width ratios from O.25 to 8 and wall half-angles
from 75° divergent to 60 convergent. Flux distribution patterns at various
distances from the slot exit are presented. Patterns are calculated in two
ways: (1) variation with angle at constant radius, and (2) variation with dis-
tance from the centerplane in a plane normal to the flow direction.

From typical illustrative plots of the calculations, the following fea-
tures of the particle flux were evident:

(1) Values of flux along the centerplane for the parallel-walled slots are
highest for small length-to-width-ratio slots initially and become less a func-
tion of the length to inlet width ratio as the distance from the slot in-
creases.

(2) There is a particular wall half-angle that ylelds a maximum in the
centerplane flux at a given distance from the slot exit. This angle becomes
more divergent as the distance from the slot increases; however, the flux is
not sensitive to wall half-angle variations at the larger distances.

12




(3) Far-field limiting values of the function ﬁ[n(o)/ni] are approached
in shorter distances the smaller the length to inlet width ratio of the slot
and the more convergent the slot.

(4) The beam is more collimated the larger the length to inlet width ratio
of the slot.

(5) A divergent slot yields a more collimated beam than a convergent slot
of the same length to inlet width ratio and the same wall half-angle.

(6) Far-field distribution patterns of both convergent and divergent slots
follow the cosine distribution law out to angles equal to the wall half-angle
and then drop below the cosine law pattern.

Lewis Research Center
National Aeronautics and Space Administration
Cleveland, Ohio, June 12, 1964
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APPENDIX A

SYMBOLS
A area
L length of configuration
A length of line
n flux or arrival rate, number/(area)(time)
ﬁ(§5)/nl average wall flux
R radial distance
Wl inlet width of slot
WL exit width of slot
X axial distance from slot inlet
y lateral distance from slot centerplane
yi upper limit lateral distance from slot centerplane in plane of

opening (see sketch (1))

yl lower }imit lateral dis?ance from slot centerplane in plane of
opening (see sketch (1))

B half-angle of slot; positive for diverging and negatlve for con-
verging slot

e angle between surface normal and line

® angle between R and slot centerplane

Subscripts:

a,b general points

in inlet

W wall

1 inlet plane

2,3 wall

4 exit plane

14




S beyond exit plane

Superscript:

() nondimensionalized quantity, divided by W,, the inlet slot width

15




APPENDIX B

DERIVATION CF FLUX RELATIONS

The equation from which all flux relations herein are derived is the dif-
ferential line-element source relation:

n, cos eab cos eba

k& (B1)

dy

dny, = a

2lap

As illustrated in sketches (c¢) and (d) there are four possible regions in
which a point, at which the flux is to be determined, may lie. The flux equa-
tion is different for each region and for different orientations of the flux
area.

Radial Flux Relations

I. Refer to figure 1(c). Point 5 is in region I, which is bounded by

W -
0<yg < = + (x5 - L) tan B (B2)
A. Inlet.
w/2
n cos 6 cos 6
S = 1o °L gy, (B3)
-w/2

Substituting the following geometric relations

2 2 2
15 =%+ (yg - vq)

x5
cos 615 = 2
l5
0o = (0 - 61.) =35 *6 ~ MY, Y5(¥5 = 1
CcOos Sl—COS CP— 15 —-Z_._T— }—R—-.—.—Z—_—
15 15

into equation (B3) yields

16




wl/z

(H5> ~ Xs| x5(xg - L) + vs(ys - Yl):] ()
- =
1/,
S P 2R[xE + (yo - ¥,) ]
Integrating equation (B4) and nondimensionalizing yields

(n5> [}xs-L)(l 2y5)+'2x5y5 (x5 ) (1+ 2y5)- 2X5y5 (55)

n
1 ZRI_ ‘/ + (1 - 2yg )@ ‘/4)(5 + (1 + 2y5)

All barred quantities are nondimensional variables made dimensionless by
referring them to the inlet width Wl'

B. Wall. The flux at point 5 from one wall is
L

(Eﬁ) _ nz(xz) cos @zc cos 5z

sec B dxz (B6)
nl w nl 2Z35

0

Substituting the following geometric relations

Ve - ys X - X
= = + i
cos 635 Tas cos B Tas sin B
Y = ¥ X - X
Cos Ogz = 51 S sin @ + SZ S cos @
35 35

2 2 2
lzs = (X5 - x5)" * (v5 - ¥5)

into equation (B6) yields

L
<n5> nz(xz) [y5 yz+ (x5- xz) tan BJ[ Y5- ¥3) sin ¢+ (x5 - xz) cos cp]
= = X3
n n
Vw 1 ]3/
- + -
0 2[(xs x3)" + (5 - ¥3)
(B7)
Noting that yz = - (Wl/Z) - Xz tan B and nondimensionalizing the re-

sulting equation yields the wall contribution to the flux:
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(1+ 2y5+ 2x5 tan 3)[kl4-2§5 +2X5 tan B) sin @+ 2(xz - xz) cos é]

dxz (B8)

)2]3/2

—_— — 2 —_— —
[%(XS - Xz)% + (L + Zyg + 2%z tan p

This is the contribution from one wall only. The contribution from the
other wall to the flux at point 5 is obtained by making the substitution
Ys = - ¥g into equation (B8).

IT. Point 5 is in region IT, which is bounded by

i W x_ -L(W +1
L — = - L 5] L
-—é— + (X5 - L) tan B S yS S —-2—' + ( ) (Bg)

2 L
A. TInlet. The flux at point 5 from the inlet is similar to equa-
tion (B4) with a different upper limit yi, as may be noted in sketch (g).
Integration of equation (B4) with the upper limit
_ iqm of ¥y yields

EETTTTTT (f) on s mud vl v v
l’ll. —ER
in

> ' z
+ -
‘/X5 (yl y5)

N (x5 - L)[(W/2) + y5] - X5Y5

(B10O)
‘/kg + LW /2) + y.)°2
Expressed in nondimensional form, the contribution from the inlet is
(n5> 1G5 -L)(y1 - ¥s) +§5§5+ (x5 -L)(1+2yg) - 2xgy5 (511)
n - —
1/:, 2R =2 - =2 —2 — \2
1 xg + (yl - ¥5) ‘/4x5 + (1 + 2Zyg)
where
ol = YE - E XEL:_EYLKEE (Bl2)
12 % - L
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B. Wall. The flux at point 5 comes from one wall only and is given
by equation (B8).

III. Point 5 is in region IIT, which is bounded by the relation

W ’§ -L (W, + 1
R > 52—;{-‘ > (L_> (BL3)

L
A. Inlet. There is noc contribution from the inlet.

B. Wall. The flux from the wall is similar to equation (B8) with a
different lower limit XS’ as may be noted in sketch (h). Thus, the con-

tribution to the flux at point 5 from the wall is

(]

(1+ 2y5+ 2xg tan B)[(l+ 2ys +2xz tan B) sin 9 +2(Xs - Xz) cos CP]

X 3
_ 2 _ _ 3/2
5 where
z = — =
// Wy /2 3 ;5 -5
£ L _ 1+ fje———o—1| tan B
—— = =
/ Y5 - (WI/Z)
| ]

L. g [ s f Rt (B15)
X -] = 1
Jg - (WL/Z) z

IV. Point 5 is in region IV, which i1s defined by the conditions

X > —— (B16)
2| tan g|
and
'V_IL sec @
0 < tan @ < |tan B| i (B17)
- - 2
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A, Inlet. The flux at point 5 from the inlet will be similar to
equation (B4) with different upper and lower limits, as may be noted in
sketch (i), where

- .My [ys - (WL/Z)]
W ﬁws nT [ x5 - L |
N
] ; [3’5+ (WL/B):IL ?
2
L (i

L- Xg - L

Integration of equation (B4) with lower limit yi and upper limit yi

yields
n W.
&?) _ L 1 4 L (B18)
/5, 4R '/]_+ [(V—Jljzﬁ) sec @ - tan CP:IZ '/1+ [(WL/Zﬁ) sec @+ tan CPJZ

B. Wall. There is no flux from the walls to region IV.

Flux Relations for Planes

I. Refer to figure 1(d). Point 5 is in region I. The bound for region I is
given by equation (B2).

A. Inlet. The flux is given directly (ref. 9):

” + (B19)
=2 = \2 =2 = 7
/40 xg + (1 - 2yg) '/LXS + (1 + 2yg)

< ) _2'
4

B. Wall. The contribution to the flux at point 5 from one wall is

= sec B dxz

(nS) n3(x5) cos B cOS 653 (520)
- ny 2135

Substituting the following geometric relations

Ve =V Xz - X
_51_*72cos|3+__5____§

sin B
35 lzg

cOS 935 =
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cos 655 = T
35
2 2 2
into equation (B20) yields
L
Bs\ 1 ng(xs) (x5 - xa)[ys - vz + (x5 - x5) ten g]
nl 2 nl 2 3/2
w [(XS - Xs) + (y5 - y3)2]
0

Noting that yz = - [KWI/Z) T Xz tan Q] and nondimensionalizing the re-

sulting equation yields the wall contribution to the flux:

L

(n5> n3(_};3) (Es - §3)(l + 2_"';5 * 2§5 tan B) (BZZ)

n - - .2 — — 2 5/2 d§3
w 1 [%(XS- xz)“+ (1+ 2ys+ 2x= tan B) ]

The flux contribution from the other wall is obtained by substituting the
relation y. = -y, into equation (B22).

IT. Point 5 is in region II. The bounds for region II are given by the re-
lation (B9).

A. Inlet. The flux at point 5 from the opening is (see sketch (Jj))

yl
7 s

y n cos 6 cos @
: ////' w2 5 _E _ 15 51 dy (BZS)
R i J o, ) 2ly0 1
Wl _W1 — —_— in
LZZI__\\\\\\J Wy/2

4 The integration is identical to that em-
ployed in obtaining equation (BL9) except for
the different upper limit. Integration of
equation (B23) yields

(HS) B i - Vs (W, /2) + yg
- == +

2
in

]/Xg + (y] - y5)2 ‘/xz + [(Wl/Z) + yé]z

(B24)
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Putting equation (B24) into nondimensional form, related to Wy, yields

(n_5> -3 e (B25)
n T2 g/=2 . = = \2 —2 — 2
Uy PlYE s G -7 YaE+ e+ av)
where
- WL — y5 - (_WL/2>
V=75 - L|l—/———— (B26)
2 X5 - L

B. Wall. Only one wall contributes flux to point 5 in region II.
The flux is given by equation (B22).

III. Point 5 is in region III. The bound for region III is

_ g x5-L(wL+ 1)

(B27)

A. Inlet. There is no contribution to flux from the inlet.

B. Wall. The wall contribution to the flux is similar to equa-
tion (B22) with a different lower limit xz, similar to the situation
illustrated in sketch (f). The relation is

L

() - e

n

1+ 2yg + 2%g tan B

_ _ s _ 7
4(x5 - XS) + (1 + 2ys + 2xz tan B) J

where xé is given by equation (B15).

IV. Point 5 is in region IV. The bounds for region IV are given by the re-
lation (B18) and

0 < ¥y < %] tan pl -% (B29)

A. Inlet. The flux at point 5 from the inlet (see sketch (1)) is
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1
n cos 6 cos 8
( 5) _ 15 51 ay, (550)
2115

Integration of equation (B30) is identical to that for obtaining equa-
tion (B24) except for the different limits. Integration of equation (B30)
yields

"

1
n yi =¥ y,tvy
(_é) - % 2 - 2 Tz — 2 (B51)
n v 1"
The geometric relations
Y. - L X
> = 2 (B32)
(WL/Z) -¥s5 YL - Vs
x. - L x
S R (B33)

A
(W /2) + yg  ¥] + 3¢

can be used to rewrite equation (B31l) in nondimensional form:

n W, - 2} W, + 2}
sy _1 L~ s . L" s (B34)
"/in ° '/4 % -T)%« (W. - 2y )2 ‘/4(— 'I",)2+ (W.+ 2y )2

(x5 - L) L™ s *5- " Y5
Comparison of equations (B34) and (Bl9) indicates that equation (B34) is
identical in form to the expression for flux that would arrive at point 5

from the exit alone as the source having the same emission rate as the
inlet.

B. Wall. There 1s no wall contribution to the flux at point 5 in
region IV.
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Figure 1. - Schematic diagrams.
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Centerplane flux relative to inlet flux, n(0)/n;

Centerplane flux relative to inlet flux, n(0)n;
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Centerplane flux relative to inlet flux, n(O)/nl
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{d) Length to inlet width ratio, 2.

Wall half-angle, B, deg
(e} Length to inlet width ratio, 4.

Figure 4, - Variation of centerplane flux with wall half-angle at various distances from exit aperture.
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Flux relative to centerplane, nly)/n(0)
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Flux relative to centerplane, nie)/n(0)
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Figure 12, - Variation of flux patterns with distance from slot exit. Length to inlet width ratio, 8; wall half-angle, 0.
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